The stochastic response to earthquake motion of flexible multi-storey shear type buildings isolated by rolling rods with a recentering device is investigated. The re-centering device in the form of a spring or cantilever beam attached to the base of the structure reduces the rolling base displacement and returns the system to its original position after the earthquake. The stochastic model of the El-Centro 1940 earthquake which preserves the non-stationary evolution of amplitude and frequency content is considered as an earthquake excitation. The non-stationary response of the isolated structural system is obtained using a time-dependent equivalent linearization technique since the force-deformation behavior of the rolling rods is highly non-linear. The responses of the isolated structure are compared with the corresponding fixed base system in order to investigate the effectiveness of the rolling rods. The effectiveness of rolling rods in isolating the structure is investigated under important parametric variations. The parameters included are: the time period of the superstructure (as a fixed base), the period of isolation and the friction coefficient of the rolling rods. It is shown that the rolling rods are quite effective in reducing the stochastic response of the structure against earthquake excitation. The presence of the re-centering device significantly reduces the relative base displacement without transmitting additional accelerations into the superstructure. In addition, there exists an optimum value of the friction coefficient of the rolling rods for which the acceleration response of the superstructure attains the minimum value. The effects of system parameters on the variation of optimum friction coefficient of the rolling rods are also investigated.
Introduction
Base isolation is thought of as an aseismic design approach in which the building is protected from the hazards of earthquake forces by a mechanism which reduces the transmission of horizontal acceleration into the structure. The main concept in base isolation is to reduce the fundamental frequency of structural vibration to a value lower than the predominant energy-containing frequencies of earthquake ground motions. The other purpose of an isolation system is to provide an additional means of energy dissipation and thereby, reducing the transmitted acceleration into the superstructure. Accordingly, by using base isolation devices in the foundations, the structure is essentially uncoupled from the ground motion during earthquakes. Buckle and Mayes [1] and Jangid and Datta [2] have provided excellent reviews of earlier and recent works on base isolation systems.
Several base isolation systems, including laminated rubber bearing, frictional bearing and roller bearing, have been developed to study the effectiveness of base isolation. A significant amount of the recent research in base isolation has focused on the use of frictional elements to concentrate flexibility of the structural system and to add damping to the isolated structure. The most attractive feature of the frictional base isolation system is its effectiveness for a wide range of frequency inputs. The other advantage of a frictional type system is that it ensures a maximum acceleration transmissibility equal to maximum limiting frictional force. The simplest friction type device is the pure-friction type, referred to as the P-F system [3] . More advanced devices involve pure-friction elements in combination with a restoring force. The restoring force in the system reduces the base displacements and restores the system to its original position after an earthquake. Some of the commonly proposed sliding isolation systems with restoring force include the resilient-friction base isolator [4] , Alexisismon isolation system [5] , and the friction pendulum system [6] . The sliding systems perform very well under a variety of severe earthquake loadings and are quite effective in reducing the large levels of the superstructure's acceleration without inducing large base displacements [4] . Jangid and Datta [7] found that sliding systems are less sensitive to the effects of torsional coupling in asymmetric base-isolated structures. Comparative studies of base isolation systems have shown that the response of a sliding system does not vary with the frequency of the earthquake's ground motion [8, 9] . Recently, a new sliding isolation system in the form of circular rolling rods has been proposed by Lin and Hone [10] and also studied by Jangid [11] . However, in both the above studies, the circular rolling rods were considered without any restoring force. As a result, there were more peak and residual base displacements. One of the ways to overcome this difficulty is to use elliptical rolling rods in place of the circular rolling rods [12] . However, the elliptical rolling rods may induce some vertical acceleration into the superstructure. The other alternative is to use some re-centering device along with circular rolling rods to provide the restoring force for controlling the base displacement.
Herein, the seismic response of flexible multi-storey buildings mounted on rolling rods with a re-centering device to non-stationary earthquake excitation is investigated. The specific objectives of the study are: (i) to present a method for response analysis of structures isolated by the rolling rods to non-stationary earthquake excitation, (ii) to study the effectiveness of the rolling rods with re-centering device as a base isolation, (iii) to investigate the effects of important parameters on the effectiveness of the rolling rods and (iv) to investigate the existence of an optimum friction coefficient of the rolling rods for minimum acceleration response of the superstructure.
Modeling of superstructure and rolling rods
The structural system considered is a base-isolated Nstorey shear type building as shown in Fig. 1 . The floors of the superstructure are resting on the resisting elements such as columns and shear walls. The superstructure is isolated by providing rolling rods between the base mass and the foundation of the structure. Two sets of the rolling rods orthogonally one above another are used for isolating the structure in both horizontal directions. In addition, a re-centering device in the form of springs or cantilever beams is provided to control the base displacement of the system. The desired isolation effects in the system are achieved by the low friction coefficient of rolling rods along with the use of a re-centering device. The low value of the friction coefficient ensures the transmissibility of limited earthquake force into the superstructure. On the other hand, the re-centering device reduces the rolling base displacement and restores the system to its original position after the earthquake. The following assumptions are made for the structural system under consideration.
1. The structure above the base mass (superstructure) remains elastic during earthquake excitation. This is a reasonable assumption, since the purpose of base isolation by rolling rods is to reduce the earthquake effects in such a way that the superstructure remains within the elastic limits. 2. The superstructure can roll over the rolling rods without overturning or tilting. 3. The superstructure is symmetric, and as a result, the motion of the system due to earthquake in two orthogonal horizontal directions is uncoupled. Thus, it is modeled as a two-dimensional (2-D) system. 4. The effects of the vertical component of earthquake excitation are neglected. 5. Frictional forces mobilized between the rolling rods and base mass have the ideal Coulomb-friction characteristics (i.e. the coefficient of friction of the rolling rods remains constant and independent of the pressure and the velocity). However, the friction coefficient of various proposed sliding systems is typically dependent on the relative velocity and the interface deformations. However, Fan and Ahmadi [8] have shown that this dependence of the friction coefficient does not have noticeable effects on the peak response of the isolated systems. 6. The frictional force and vertical normal force pass through the center of the rolling rods, so they do not make any contribution to the acceleration of the rolling rods [10] . 7. The structural system remains most of the time in the rolling state during earthquake excitation. This is quite reasonable since the friction coefficient of the rolling rods is very low. 8. The restoring force provided by the re-centering device is linear (i.e. proportional to the relative displacement) without any damping. Thus, the damping in the isolation system is provided mainly by the friction of rolling rods to dissipate the seismic energy.
At each floor and base mass one lateral dynamic degree-of-freedom (DOF) is considered. Therefore, for the N-storey isolated superstructure the number of DOF are N ϩ 1. The re-centering device is characterized by the linear stiffness (k b ). The period of the isolated structural system is defined as
where m b is the mass of base raft; m i is the mass of the ith floor of the superstructure, and T b is the period of isolation. The values of the period T b (thus the stiffness of the re-centering device) are selected such that the energy content of the earthquake ground motion at these periods is very low. This is found to be greater than 2 s for most of the recorded earthquakes.
Governing equations of motion
The governing equations of motion of N-storey superstructure isolated by the rolling rods to earthquake excitation are expressed as
where [M], [C] and [K] are the mass, damping and stiffness matrices of the superstructure, respectively of size
T is the displacement vector of the superstructure; x i is the lateral displacement of the ith superstructure floor relative to the base mass; x b is the displacement of the base mass relative to the ground; {1} is the influence coefficient vector having all its elements as unity; and ẍ g is the earthquake ground acceleration.
In Fig. 2 , free body diagrams of the base mass and the rolling rods are shown. The inertial forces of the rolling rods are balanced by the forces F b and F g (in which F b is the force between the rolling rods and the base mass and F g is the force between the rolling rods and foundation). The total horizontal force between the rolling rods and the base mass is F b ϩ F s . The F s is the limiting friction force expressed as
where is the coefficient of friction of the rolling rods; sgn denotes the signum function, i.e. sgn(ẋ b ) ϭ ẋ b /͉ẋ b ͉, and g is the acceleration due to gravity. The equation of motion of the base mass can be written by considering the equilibrium of various forces acting on the base mass (see Fig. 2(a) ) as
where c 1 and k 1 are the damping and stiffness of the first-storey of the superstructure, respectively.
Consider the equilibrium of the rolling rods as shown in Fig. 2(b) . Taking moment of all the forces about the point A, the force F b can be expressed as
where m r and J r are the sum of masses and the moment of inertia of all rolling rods, r is the radius of the rolling rods, x r is the lateral displacement of rolling rods relative to the ground, and r is the rotation of the rolling rods.
The displacement and rotation of the rolling rods are related to the displacement of the base mass by
Substituting for x r and r in Eq. (5) from Eqs. (6) and (7), respectively, the force F b is expressed as
Substituting for the F s and F b in Eq. (4), the equation of motion of the base mass reduces to
Model of earthquake excitation
Earthquake ground motions are inherently random and multi-dimensional. To describe such ground motions, a multivariate random process model has been proposed. The generalized non-stationary Kanai-Tajimi model of the El-Centro 1940 earthquake, which was developed by Fan and Ahmadi [13] , is considered for the present study. This model preserves the non-stationary evolution of amplitude and frequency content of the original record. The earthquake ground acceleration is expressed by
where x f (t) is the filter response, g is the damping of the ground filter, g (t) is the time dependent ground filter frequency, a(t) is a deterministic amplitude envelope function, and f(t) is the zero-mean Gaussian white-noise process with the following statistics
where E is the expectation operator, ␦(.) is the Dirac delta function, and S 0 is the constant power spectrum ordinate of white-noise processes, f(t). The parameters suggested for the El-Centro 1940 earthquake in Ref. [13] are:
and
The damping constant of the ground filter, g ϭ 0.42 and the intensity of white-noise, S 0 ϭ 1.0 cm 2 /s 3 .
Evaluation of the non-stationary system response
The equation governing the motion of the base mass (i.e. Eq. (9)) is non-linear because of the presence of the frictional force of the rolling rods. As a result, the approximate non-stationary response of the system is obtained using a time-dependent equivalent linearization technique and state space formulation [14] . The non-linear Eq. (9) is replaced by the following equivalent linear equation:
where the equivalent constant, c e is expressed as
and ẋ b is the root mean square (r.m.s.) relative velocity of the base mass. Eqs. (2) and (15) along with Eqs. (10) and (11) can be re-written as a system of first order stochastic differential equations as
where
and {F} ϭ {0,f(t),0,0,…,0}
The augmented response vector {Y} is a Markov process. The corresponding covariance matrix [V] satisfies [14] the following equation
The elements of the matrices [V] and [P] are given by
where [V] T is the transpose of [V] and P ij ϭ 0 except P 22 ϭ 2S 0 .
The non-stationary response of the system (i.e.
[V] matrix) is obtained by solving the moment Eq. (20) numerically based on a step-by-step integration method. The fourth-order Runge-Kutta method is employed for the same. It is to be noted that the non-linear phenomenon of the rolling rods still exists due to dependence of equivalent constant c e on the r.m.s. velocity of the base mass, ẋ b . However, this is taken care by modifying the c e in each time step.
Numerical study
For the present study, the mass matrix of the superstructure, [M] , is a diagonal characterized by the mass of each floor which is kept constant (i.e. m i ϭ m for i ϭ 1,2,…,N). Also, for simplicity the stiffness of all the floors is taken as a constant expressed by the parameter k. The value of k is selected to provide the required fundamental time period of the superstructure as a fixed base. The damping matrix of the superstructure, [C], is not known explicitly. It is constructed by assuming the modal damping ratio which is kept constant in each mode of vibration. The model of the isolated structural system under consideration can be completely characterized by the following parameters: the fundamental time period of the superstructure with fixed base (T s ), the damping ratio of the superstructure ( s ), the number of stories in the superstructure (N), the ratio of base mass to the superstructure floor mass (m b /m), the ratio of the rolling rods' mass to the superstructure mass (m r /m), the period of base isolation (T b ) and the coefficient of friction of the rolling rods (). However, to restrict the number of parameters, the values of some of the parameters (which do not influence the response significantly) are held constant. These are s ϭ 0.05, m b /m ϭ 1 and m r /m ϭ 0.1.
The stochastic response of a flexible multi-storey superstructure isolated by rolling rods to a non-stationary model of the El-Centro 1940 earthquake of duration 20 s is obtained. Response quantities of interest for the system are the r.m.s. top floor absolute acceleration of the superstructure (i.e. ẍ a ϭ ẍ N ϩ ẍ b ϩ ẍ g ) and the relative base displacement (x b ). The absolute acceleration is directly proportional to the forces exerted in the superstructure due to earthquake ground motion. On the other hand, the relative base displacement is crucial from the design point of view of the rolling rods system. The response of the isolated system is compared with the corresponding system with a fixed base to investigate the effectiveness of the rolling rods. In addition, the effects of the re-centering device on the response of the isolated system are also investigated.
In Fig. 3 , the time variation of r.m.s. top floor absolute acceleration and the base displacement is plotted for a five-storey superstructure with T s ϭ 0.5 s, T b ϭ 3 s and ϭ 0.05. The response is shown for both the isolated (with and without re-centering device) and fixed base system. Note that the rolling rods without a re-centering device implies that stiffness k b ϭ 0 (for which T b ϭ ϱ). Fig. 3 shows that the absolute acceleration is quite low for isolated systems compared with those with a fixed base system, indicating that the rolling rods are effective in reducing the seismic response of the system. The corresponding peak r.m.s. relative base displacement of the isolated system is considerably less for the rolling rods with re-centering device in comparison with the free rolling rods. Thus, the presence of a re-centering device in the rolling rods system significantly reduces the relative base displacement without transmitting additional accelerations into the superstructure. Further, the peak absolute acceleration of various floors of the isolated structural system are found to be 0.065, 0.064, 0.062, 0.061, 0.06 and 0.058g (from top floor to base mass, respectively). This indicates that there is not much variation in the absolute acceleration of various floors. This is expected due to the fact that the superstructure is rela- tively stiff in comparison with the rolling rods system, as a result, it vibrates as a rigid body over the rolling rods, leading to the same acceleration and displacement at all floor levels. Fig. 4 shows the variation of the peak r.m.s. top floor absolute acceleration and the relative base displacement against the fundamental time period of the superstructure T s for T b ϭ 3 s and ϭ 0.05. Fig. 4 indicates that the peak r.m.s. acceleration of the superstructure is less for base isolated systems than for those with fixed base for both one-and five-storey superstructures for all values of T s . Further, there is more reduction in the absolute acceleration by rolling rods for stiff superstructures compared with flexible superstructures. Therefore, the effectiveness of the rolling rods in reducing the earthquake response of the system decreases with the increase of the flexibility of the superstructure. The effects of the re-centering device on the peak r.m.s. base displacements are the same as observed in Fig. 3 . The r.m.s. peak base displacement remains almost the same for all values of the time period of the superstructure for a onestorey structure. However, for the five-storey superstructure it increases mildly with the increase of the time period of the superstructure. Similar effects of the flexibility of the superstructure are depicted in Fig. 5 where the response of the system is plotted against the number of stories, N keeping the time period, T s equal to 0.1N s.
In Fig. 6 , the variation peak r.m.s. top floor absolute acceleration and the relative base displacement are plotted against the coefficient of friction, of the rolling rods for T s ϭ 0.5 s. It is observed from the figure that as the increases the r.m.s. absolute acceleration first decreases, attaining a minimum value and then increases with the increase of . This indicates that there exists a value of for which the top floor absolute acceleration of a given structural system attains the minimum value. This is referred to as the optimum friction coefficient of the rolling rods. This occurs at ϭ 0.036, 0.026 and 0.02 (one-storey system) and ϭ 0.022, 0.015 and 0.012 (five-storey system) for T b ϭ 2, 3 and 4 s, respectively. This implies that the optimum friction coefficient decreases with the increase of the flexibility of the recentering device. On the other hand, the peak r.m.s. base displacement decreases with the increase of the coefficient of friction. Further, the absolute acceleration of the superstructure decreases, whereas the base displace-ment increases with the increase of the flexibility of the re-centering device. Fig. 7 shows the variation of optimum of the rolling rods and corresponding relative base displacement against the fundamental time period of the superstructure, T s . The results are shown for one-and five-storey superstructures with three periods of isolation (i.e. T b ϭ 2, 3 and 4 s). It is observed from the figure that as the time period of the superstructure increases (in the range 0 Ͻ T s Յ 0.5 s) the optimum decreases. However, for further increase in the time period there is an increase in the optimum . Thus, the optimum friction coefficient of the rolling rods first decreases and then increases with the increase of time period of the superstructure. Note that the effects of the fundamental time period of the superstructure on the variation of optimum of the rolling rods are similar to those observed on the optimum damping of the linear and non-linear base isolation systems [15, 16] . Similar effects are expected due to the fact that the frictional forces of the rolling rods are replaced by the equivalent damping constant c e (see Eqs. (9) and (15)). Further, by comparing the figures for one-and five-storey systems, it is seen that an increase in the number of stories decreases the optimum . The r.m.s. base displacement corresponding to the optimum increases with the increase of the time period of the superstructure (in the range 0 Ͻ T s Յ 0.5 s). However, for a further increase of the time period of the superstructure the base displacement decreases. In addition, it is also seen from the figure that the optimum decreases, whereas corresponding r.m.s. base displacement increases with the increase in the period of isolation for both one-and five-storey systems. This is due to the fact that an increase in the isolation period increases the flexibility in the system, resulting in more displacements. Thus, an increase in the period of isolation decreases the optimum friction coefficient of the rolling rods.
In Fig. 8 , the variation of the optimum of the rolling rods and corresponding r.m.s. relative base displacement are plotted against the number of stories in the superstructure, N. The period of the superstructure, T s , is considered to be 0.1N s. As expected, the optimum friction coefficient decreases, whereas the corresponding base displacement increases with the increase of the number of stories for all time periods of the re-centering device. It is to be noted that the friction coefficient of the rolling rods depends upon two factors, namely the roughness and the radius [10] . The desired optimum friction coefficient of the rolling rods can be obtained by varying these two parameters, especially the radius.
Conclusions
The stochastic response of flexible multi-storey shear type buildings isolated by rolling rods with re-centering device to non-stationary earthquake excitation was investigated. The non-stationary response of an isolated structure was obtained using a time-dependent equivalent linearization technique and was compared with corresponding fixed base structure in order to investigate the effectiveness of the rolling rods. The effectiveness of the rolling rods was investigated under important parametric variations such as the fundamental time period of the superstructure, period of isolation and coefficient of friction of the rolling rods. In addition, the responses of the isolated system were analyzed for the optimum friction coefficient of the rolling rods for minimum superstructure acceleration. From the trends of the results of present study, the following conclusions may be drawn.
1. The rolling rods are found to be quite effective in reducing the earthquake response of the superstructure. The presence of a re-centering device significantly reduces the relative base displacement without transmitting additional accelerations into the superstructure. 2. The effectiveness of the rolling rods in reducing the earthquake response of the structure decreases with the increase of the flexibility of the superstructure. 3. For a given structural system there exists an optimum friction coefficient of the rolling rods for which the absolute acceleration of the superstructure attains the minimum value. However, the displacement response of the system goes on decreasing with the increase of the friction coefficient. 4. The optimum friction coefficient of the rolling rods decreases with the increase of the number of stories in the superstructure (provided the other parameters are held constant). 5. The optimum coefficient of friction of the rolling first decreases and then increases with the increase of the fundamental time period of the superstructure. 6. The optimum coefficient of friction decreases with the increase of the period of isolation but the corresponding base displacement is increased for higher time periods.
